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Gas-Particle Nonequilibrium Nozzle Flows:
Concept of Virtual Speed of Sound and Similar Solutions

R. K. Thulasiram* and N. M. Reddyf
Indian Institute of Science, Bangalore, India

An attempt is made to obtain similar solutions for gas-particle nonequilibrium nozzle flows. Modified
definitions for speed of sound and Mach number are proposed for this study. The governing equations are
transformed into a similar form and a single correlating parameter is obtained. The limiting (equilibrium and
frozen) speeds of sound are shown to be derivable from the modified definition. The numerical results transpire
several interesting phenomena occurring in the nozzle. For example, the approach to isothermal condition of the
flow at very large loading ratio is proved with no assumption regarding the lag of the particles. By varying the
numerical values of the general correlating parameter, the complete nonequilibrium regime of the flow can be
scanned. With the present similar solutions, the flow quantities in a nozzle can be readily determined for
different particle sizes, loading ratios, reservoir conditions, and for a family of nozzle shapes without resorting
to complex computer programs.

Nomenclature
A, Av = geometric and virtual area ratio of the nozzle
a - speed of sound
ae, df = equilibrium and frozen speeds of sound in

gas-particle mixture
av = virtual speed of sound in gas-particle mixture
CD = viscous drag coefficient of the particles
c = specific heat of the particle material
cv, cp = specific heat of the gas phase at constant volume

and pressure
dp - diameter of the (spherical) particles
i, j - nozzle shape parameters
K = velocity ratio introduced in Eq. (4), up/u
L' = nozzle scale parameter defined as r*/tan0
M = Mach number
Mv = virtual Mach number in gas-particle mixture
m, mp = mass flow rate of gas and particles
Ns = function introduced in Eqs. (26) and (27)
p = pressure
R = gas constant
Re = Reynolds number (based on particle diameter)
r = nozzle throat radius
So, Sr = reservoir and reference entropy
T, Tp = temperatures of gas and particle phases
u, up = velocities of gas and particle phases
x = distance along the nozzle axis
Z = parameter introduced in Eq. (4), 1 + ijK
a. = independent variable introduced for transformation
7, F = specific heat ratio of the gas phase and gas-particle

mixture
d = relative specific heat of the particles and gas, c/cp
f, co = volume and mass fraction of the particle phase in

the mixture
17 = loading ratio, mp/m
6 = angle of inclination of the nozzle wall from the axis
X = parameter introduced in Eqs. (26) and (27)
\L = viscosity of the gas phase
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£ = independent variable introduced in Eq. (32)
Py Pp = density of gas and particle phases
a,Op = concentration of gas and particle phases in the

mixture
7V = velocity relaxation time of particles, ppdp/lSfji
X = general correlating parameter

Subscripts
p = pertaining to particles
0, * = reservoir and nozzle throat conditions

Superscript
= dimensional quantities

Introduction

F OR the past several years, metallized propellants in solid
rocket motors have been used to stabilize combustion as

well as to attain larger specific impulse. Since the propellant is
burned in the combustion chamber, the metal additives of the
propellants get oxidized and come out as metal oxide particles.
These products of combustion have increased the interest in
estimating phase nonequilibrium effects on the nozzle flow
performance. As the condensed combustion products can do
no work, their presence in the nozzle could only be deleterious
to the effectiveness of the nozzle expansion process. The parti-
cle products of combustion are accelerated almost exclusively
by the drag or slippage of the particles relative to the expand-
ing gas, and the gas loses a part of its energy in accelerating the
particles. There are several studies1'7 on gas-particle flows
reported in the literature employing analytical and numerical
techniques for analyzing the flow phenomena in a nozzle.
References 8 and 9 present the fundamentals of the two-phase
flows. A near-exhaustive review of the literature is presented
in Ref. 10.

Nozzle flows of gases with a large number of particles (i.e.,
r/ is large) are of interest in injection of metallic fuel powder
into rocket engine combustion chambers, nuclear reactors,
chemical industries for conveying particulate materials, and
many other engineering applications. Some aspects of the
gas-particle nozzle flow when the particles occupy a finite
volume in the mixture are reported in Refs. 11 and 12. In most
of the applications, the choice of whether to neglect the parti-
cle volume (in the mixture) or not is dictated by the practical
situation. Some practical situations in which the particle vol-
ume fraction cannot be neglected are 1) when the mass frac-
tion of the particles o> is very high and 2) when the particle
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material density pp is small so that the density ratio of the gas
to that of the particle material p' /pp will be greater than 10~3.

In case the particle loading is high, which leads to a condi-
tion that the particle volume fraction in the mixture cannot be
ignored, the particle volume fraction itself becomes a variable
and further complicates the analysis. Hence, solving the gov-
erning equations for this kind of two-phase flow problems
becomes difficult.

Scope and Purpose of the Present Work
In all of the studies on gas-particle nozzle flows, the analysis

is based on the frozen speed of sound. A recent study7 on the
physical aspects of the relaxation model in two-phase flow
also presents the analysis with two limiting velocities of wave
propagation. However, in many of the practical situations, the
gas-particle flow involved is of a nonequilibrium nature, and
the very presence of the particles in the flow affects the wave
propagation in the mixture.

There seems to be no precise definition for speed of sound
in gas-particle flows taking into account the phase nonequi-
librium effects. Consequently, the Mach number-velocity-area
ratio relation for the nonequilibrium case does not exist at
present. The currently available equilibrium or frozen speed of
sound can be used only as limiting cases. Because of the very
fact that the particles present in practical situations are neither
of submicron range to lead the flow to equilibrium condition
nor of very high dimensions to make themselves frozen at their
initial conditions, one has to treat the nozzle flow to be in the
nonequilibrium regime. In such cases, use of the two limiting
definitions of speed of sound turn out to be an approximation.
Therefore, it becomes necessary that the definition of speed of
sound in nonequilibrium regime of gas-particle nozzle flow be
modified.

Moreover, analysis of the gas-particle nozzle flow is made
complex because many parameters are required to specify the
particle characteristics in addition to the parameters specifying
the gas characteristics and nozzle shape. The present state of
the art for analyzing nonequilibrium gas-particle nozzle flows
requires complex computer programs with which flow vari-
ables are determined by numerical integration for given para-
metric conditions. These usually are the reservoir conditions,
nozzle shape, and a specified gas. The computational proce-
dure has to be repeated at different conditions to study the
effect on the nozzle flow performance, regardless of the nu-
merical method used. Therefore, if all of the parameters can
be combined into a correlating parameter, a single value of
which will represent several combinations of the parametric
conditions of the problem, the cumbersome job of repeating
the solution procedure can be obviated.

The main concern here is on the nonequilibrium effects in
one-dimensional gas-particle nozzle flows wherein the parti-
cles occupy a finite volume in the mixture. The gas is assumed
to be a perfect gas and internal energy nonequilibrium of the
gas is not considered. By a suitable modification of the defini-
tion of speed of sound, new expressions relating Mach num-
ber, velocity, and area ratio are obtained. Then, following the
basic methodology reported13'14 earlier, the governing equa-
tions have been transformed into a similar form and a general
correlating parameter has been obtained. The results obtained
by solving these similar equations numerically are presented in
the form of graphs and discussed.

Concept of Virtual Speed of Sound
One of the important physical quantities in the study of

gas-particle flows is the speed of sound. For a pure perfect
gas, it is given by a2 = (dp/dp)s - yRT. The expressions for
the limiting (equilibrium and frozen) speeds of sound are
available8'9 in the literature for gas-particle flows. As men-
tioned earlier, practical situations dictate the use of particle
siz^s of moderate ranges for any theoretical study. Once the
particle sizes are in such a way that neither of the two limits of
speed of sound could be used, a need for a general expression
for the speed of sound is felt.

The gas-particle nozzle flow problem generally contains two
sets of equations, one for each phase. For the steady one-di-
mensional adiabatic case, it is usual to write them in a com-
bined form. The mass and momentum equations are given by

Continuity (gas):

ouA = m — const

Continuity (particles):

OpUpA = mp = rjra = const

Momentum (mixture):

(1)

or

du
ou — +

dx:

duou — +

T^T-0d* djc

duD dp
dx:

+ — =0

(2)

(3)

The nonequilibrium nature of the gas-particle flow and the
ratio of the mass flow rates (loading ratio) can be effectively
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Fig. 2 Variation of virtual area and virtual Mach number along the nozzle axis.

introduced15 by a parameter Z = (1 + t\up/u)\ Z can also be
written as

Z = (1 + (4)

Equation (11) can be expressed as

I Ml

From the definition of K results

du = Ku + Ku

From the continuity equation

du = -u d[tn(a)] - u d[tn(A)}

where K - up/u. Also, this expression for Z can be written in
the differential form as

- 1)1 (5)

(6)

(7)

Using Eqs. (6) and (7), the momentum equation (2) can be
written as

rjK dp
Z aZu2

Using the definition of Z, the second term in Eq. (8) can be
written as

(9)

] + dl&tAv)]=-f-i (10)
aZu2

where Av - A /Z, the virtual area ratio. Equation (10) can also
be written as

I - ^2

1-M2

where Mv = u/av.
Using Eq. (1), Eq. (12) can also be written as

d(Av)/Av

' Ml-\

(12)

uZ (13)

Equations (12) and (13) are in the same form as available for
the pure gas case or for the equilibrium gas-particle case.
From the general expression for virtual speed of sound intro-
duced in Eq. (11), the limiting speeds of sound, namely, the
equilibrium and frozen cases, can easily be obtained10 and are
given by

Equilibrium case:

(1 + rjd) 1
(1 + (1 - f)2

Frozen case:

(14)

(15)

Substitution of Eq. (9) into Eq. (8) results in

dp

where «v is given by

Therefore, introduction of the parameters Z and Av has
served the purpose of getting a new expression for speed of
sound. Moreover, hitherto not available general relations be-
tween area ratio and Mach number have been obtained for
nonequilibrium gas-particle nozzle flows. The new definitions
and new relations that have been derived in this section will be
used in the following sections to transform the governing
equations into similar form.

Transformation of Governing Equations
As discussed earlier, appropriate correlating parameters and

the similar solutions are strongly desired to circumvent the
cumbersome job of repeating the solution procedure. The
similar solutions not only eliminate the need for repeated
complex computations but also provide the experimentalist
with the badly needed correlating parameters.
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The reservoir conditions are normally considered for nondi-
mensionalization of the flow variables; characteristic distance
and area ratio are provided by the nozzle scale parameter L '
and the nozzle throat area A * , respectively. The quantities in
the nondimensional form are

A=A'/Ai.

P = p ' / P b , x=x'/L'9 Tv=T'y/(

The governing equations8 of the nonequilibrium gas-particle
nozzle flow can therefore be given in the nondimensionalized
form (for finite volume of particles in the mixture) as follows:

Continuity (gas):

• ( 1 - f t p u A =

Continuity (particle):

apUpA = f

Momentum (mixture):

du dup y - 1 dp——— -=0

Energy (mixture):

0 du dT \ dup dTp 7 - 1 1 dp]
2u — + — +T; 2up— £ + d — ~ +1 —— — -Hdx dx \_ dx dx y PP dx]

(16)

(17)

(18)

(19)

Fig. 3 Gas and particle velocity variation along the nozzle axis
(if = 2, r= 0.005).

Fig. 4 Gas and particle velocity variation along the nozzle axis0? = 5, r=o.i).

Drag:

dup _u-upf(Re)
dx Up rvo

Heat transfer:

dTp _
dx ~

Equation of state:

~* Vi _l_ —

rj dx dx ' PP

T- TpNu(Re)

P =

(21)

(22)

where CVm, the shape factor for the carried mass, is 0.5 for
spherical particles, rvo = rv'p (UQ/LQ), p ~ Ty\ and Nu is the
Nusselt number. Differentiating Eqs. (16) and (17) with re-
spect to x and combining them results in an equation for the
volume fraction of the particles:

I dp
-^-p dx

1 du
-—u dx

1 dup
— -r^up dx (23)

In Eq. (20) all of the factors that influence the particle motion
like Stokes drag, pressure gradient, and virtual mass effect are
considered. The concentration of the particles op is defined
as ap - $pp. Since pp is a constant, f can be treated as a
variable instead of op, and hence an equation for f is presented
in Eq. (23). Therefore, one of the equations (16) or (17) and
Eqs. (18-23) represent seven equations for the seven un-
knowns: p, f, p, u, Up, T, and Tp.

For the present analysis, a new independent variable a,
defined as a = -&i(a), is introduced. Using the equation of
state, the term dp/dx can be eliminated from Eqs. (18) and
(19), and the set of governing equations are written in the
transformed form with a. as the independent variable:

da
7-1 \dT _r1-

2y [da ]
•• 0 (24)

du dT
da

- f u
(25)

da {1 - f + CVm(fUp)/[uri(l - f)])

X

dw f— A
da r;

\u-Up
L "/>

r Mp 1 dt/1
1 - f w t/ daj

da

where

da

2 [Zu (1 -

da

(26)

(27)

(28)

Ml - 1
(29)

Here an expression for the term (da/dx) appearing in Eqs.
(20) and (21) due to this transformation has been derived using
Eq. (12), and the different terms of this expression have been
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grouped into Ns and X. The parameter X contains many of the
parameters of the problem, and the equations have been trans-
formed into a similar form. The parameters / andy govern the
shape for a family of nozzles given as Av = (1 + xjy.

Character of Similar Equations
Equations (24-28) constitute the five transformed governing

equations in similar form with w, up> T, Tp, and f as depen-
dent variables and a as independent variable. However, these
equations also contain a term Ns that is a function of Av, Mv,
and nozzle shape parameters / and j. This function has been
correlated in terms of the new independent variable and is
given in one of the following sections. The parametric struc-
ture of these similar equations is described as follows.

The leading and important parameter that includes almost
all of the parameters of the problem is X, and hence it is
expected that the similar solutions would depend strongly on
this parameter. In addition, the equations also contain the
parameters ((/), <5, f(Re), Nu(Re)9 and 77. Since the product
((/) appears as a single parameter in the equations, a given
value of ((/) represents a family of nozzle shapes (for example,
ij = 2 for both hyperbolic and conical nozzles). Hence, similar
solutions can be obtained for a family of nozzle shapes. The
parameter 5 that is the ratio of specific heats of particle phase
to gas phase appears separately, and hence similar solutions
have to be repeated for different values of d. However, the
sensitivity of similar solutions to variation in d values is
found10 not to be significant. The functions f(Re) andNu(Re)
also appear separately in the transformed governing equa-
tions. Since the Reynolds number in a gas-particle flow is
based on the particle diameter that is very small in comparison
with the characteristics length of the problem, the range of
Reynolds number of interest in gas-particle flow rarely exceeds
a few hundred. Many empirical curve fits to the standard drag
coefficient can be found in the literature.16 A good fit to the
standard drag curve is reported in Ref. 17 and is given by
CD = (24/Re)[l +Re2/3/6]. However, expressions for these
two functions corresponding to Stokes drag law have been
used in the present analysis for mathematical simplification. It
is shown later in this paper that the results from the present
method using Stokes drag law for the drag coefficient com-
pares to a good extent with the steady-state results obtained
from time-marching numerical technique employing the Mac
Cormack scheme and using the expressions for CD given ear-
lier. The similar equations also depend directly on 77 since Z is
a function of 77.

Initial Conditions
In the reservoir, where the flow starts, an equilibrium condi-

tion is assumed. In the equilibrium limit, since rv -*0, the drag
and heat transfer rate equations need not be considered and
only the mixture momentum and energy equations as given in
Eqs. (24) and (25) need to be considered. Therefore, solving
these two equations, the equilibrium solution can be obtained
as

a + - 1) = const (30)

This is a relation proved8 in the case of isentropic change of
state of gas-particle mixture and the constant involved is,
therefore, the reservoir entropy. Equation (30) can also be
written as

a + Stn(T)/(T - 1) = (S0 - Sr) (31)

The equilibrium flow solution can be obtained from Eq. (31)
with a as the independent variable and (50 - Sr) as a parame-
ter. It may be noted here that this solution does not depend on
the nozzle shape.

Nonequilibrium Equations
To start the nonequilibrium solution procedure, the equi-

librium initial conditions can now be obtained from Eq. (31).

But from Eq. (31) it is apparent that the reservoir entropy has
to be specified to obtain the equilibrium solution and hence
(S0 - Sr) appears as an additional parameter. As mentioned
earlier, the other significant parameter is X. The two paramet-
ric dependence of the problem can then be reduced to a single
parametric dependence by the following additional transfor-
mation.

A new independent variable £ is introduced and is defined as
t. /o ri \ /<5'i>\£ = (do - Or) - a (32)

Therefore, the equilibrium entropy expression given by Eq.
(31) reduces to universal form and can be given as

(33)

The similar governing equations can then be written for the
nonequilibrium case with £ as the independent variable as

(34)

AT du

(35)

Fig. 5 Gas and particle temperature variation along the nozzle axis
(,, = 2, £= 0.005).

Fig. 6 Gas and particle temperature variation along the nozzle axis
07 = 5, r=o.i).
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u -un

N,

Au^r~——— — + Cv

d£ i?
f up 1 dw
- f u

2= y-^lA^^g)^
wp 6 27V5

[Zw(l - f)]

(36)

//7 (37)

(38)

where x = X + (S0 - Sr)/(ij). The equations have thus been
transformed into a similar form, and a general correlating
parameter \ has been obtained. This parameter, which is given
later in dimensional form, combines many of the parameters
of the problem and would mainly control the behavior of the
similar solutions. It can also be inferred that smaller \ corre-
sponds to larger particles and larger \ corresponds to smaller
particles. Furthermore, the function Ns has been correlated in
terms of the parameter £.

The function Ns is given by

- 1 (39)

The effect of various reservoir conditions and particle char-
acteristics on this function has been shown10 to be insignifi-
cant, and a single correlation for variation of Ns along the
nozzle length has been obtained. A curve fit to the average

Fig. 7 Velocity lag (u-up)/u along the nozzle axis.

Fig. 8 Temperature lag (TP/T) along the nozzle axis.

Fig. 9 Particle volume fraction variation along the nozzle axis(, = 10, r=o.oos).

curve shown in Fig. 1 is made and is represented by a simple
analytical expression of the form given as follows:

Ns = 0.09 - 35[0.99 - £*/£]L48

if 0.973 <£*/£< 0.985
= 4.32-2.6[£*/£-0.96]-(U1

if 0.985 <£*/£< 1.01
= 4.38-2.7[£*/£-0.96]-(U1 (40)

if 1.OK £*/£<!.06
= 4.38-2.7te»/£-0.98]-(U1

if 1.08<£*/£<1.16
= 1.06

if £*/£>!.16

The variation of Ns along the nozzle length can be obtained
using these fitted expressions. This correlation for Ns is used in
obtaining similar solutions.

Results and Discussions
Equations (34-38) for the nonequilibrium gas-particle noz-

zle flows were solved using the Runge-Kutta-Gill method. The
starting value of x is selected in such a way that the flow
remained near equilibrium in the nozzle reservoir for different
values of f and rj. Apart from the special problem in starting
the integration from an initial equilibrium state, it may be
noted that the usual numerical methods, such as the fourth-
order Runge-Kutta-Gill method, generally encounter a serious
instability problem for near-equilibrium flow conditions. To
maintain stability near equilibrium, the integration step size
must be kept very small. Thus the overall computing time may
become excessively large if an appreciable region of near-equi-
librium flow is involved. This is the reason quoted in earlier
analyses18'20 as to why computation has not been carried out
for very small particles in submicron ranges (which cope with
the gas expansion process and the flow tends to be in equi-
librium condition) for which the equations become stiff. For-
tunately, specification of the particle diameter dp is not re-
quired in the current investigation.

Since the particle volume fraction f itself is a variable, the
equations are solved for different initial values of f. The
variation in the initial values of f implies that the particle
material density pp is also varied since 77 = ifppup]/
[(1 - ftp'u'], and therefore (p'/pp) = if/[(I - fa]} in the
reservoir since u ' = up. Typical values of (p / p p ) are given by
the limits 0.0001 and 0.05.

From expression (13), it can easily be inferred that the
virtual Mach number Mv reaches unity where the virtual area
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ratio Av becomes minimum. The verification of this property
has been carried out, and variations of A, AV9 and Mv are
shown in Fig. 2. The location of virtual Mach number equal to
unity as well as the location of minimum virtual area ratio Av
do coincide.

A set of similar solutions for different values of f and rj are
shown in Figs. 3-6 for different loading ratios and ij = 2.0.
The transformed set of governing equations contain only the
product factor (ij). But the function Ns contains / andy sepa-
rately and has been correlated to get a single expression inde-
pendent of / andy. Therefore, specification of the values of the
parameters / and y explicitly is not required.

From the velocity and temperature curves (Figs. 3-6), it is
clear that the particles always lag behind the gas during the
expansion process. As the loading ratio 77 of the particles in the
mixture is increased, more energy will have to be spent by the
gas in dragging the particles out, and hence the gas velocity for
larger 77 is expected to be less than that for smaller r/ for a given
X and f. This can be observed from Figs. 3-6. Another inter-
esting inference from these figures on the flow behavior at
different x is presented later in this section.

The variation of the lag of the particles defined as
[(u - Up)/u] along the nozzle length for different values of the
parameter x is shown in Fig. 7. For all values of x» the lag
increases rather suddenly from almost negligible value at the
reservoir and reaches a maximum near the nozzle throat and
then decreases far downstream. This decrease in the lag is

significant at higher values of x (near equilibrium flow). For
smaller values of x, the lag is almost constant along the entire
nozzle length. This is expected since the particles freeze for
smaller values of x- The particle to gas temperature ratio TP/T
variation along the nozzle length for different values of x is
shown in Fig. 8. Similar observations made for velocity lag
can be inferred from this figure too.

Figures 9 and 10 show the variation of the particle volume
fraction along the nozzle length. It is clear from these figures
that the volume fraction increases along the nozzle axis,
reaches a peak, and then decreases. At a smaller cross section,
the volume occupied by the particles increases, or in other
words the volume fraction of the particles at smaller cross
sections increases. One more observation from these figures is
that the peaking of the particle volume fraction is shifted
downstream as the value of x is decreased. In other words, for
smaller value of x, which corresponds to larger particles, the
particles are frozen and hence are not affected by the expan-
sion process until there is a drastic change in the flow charac-
teristics immediately after the nozzle throat. Consequently,
the volume fraction reaches a maximum value in the down-
stream portion of the nozzle. As evident from the figures, the
location of the peak value of volume fraction moves down-
stream from the nozzle throat as the value of x decreases (i.e.,
the flow tends towards frozen condition). The volume fraction
not only gets affected by the gas velocity variation but also by
the fast changing gas density. After the peak, the volume

Fig. 10 Particle volume fraction variation along the nozzle axis (17 = 5, f = 0.01).
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Fig. 11 Approach to isothermality of the gas and particle temperatures at large loading ratios of particles in the mixture.
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o Similar solution method

a Steady state results from
time marching numerical
technique

Fig. 12 Comparison of similar solutions with steady-state results of
time-marching numerical technique.

fraction decreases significantly along the nozzle length. This is
understandable since the large decrease in density of the gas in
the nozzle downstream of the throat affects the particles sig-
nificantly.

At the nozzle throat another interesting phenomenon can be
observed from the similar solutions. Figure 11 shows the gas
and particle temperatures at the throat, plotted as a function
of loading ratio for different x values at p'/p'p = 0.005. The
phenomenon here is that both the gas and particle tempera-
tures approach the reservoir temperature for higher loading
ratios. This is exactly similar to the one observed in Ref. 11,
assuming constant fractional lag of the particles. This phe-
nomenon further substantiates the similar solution results for
the nonequilibrium gas-particle nozzle flows. In other words,
the tendency of the flow to become isothermal at larger load-
ing ratios is proved with no assumption regarding lag of the
particles.

The similar solution results can easily be transformed into
the physical plane using the definition of £. To compare the
results obtained from similar solution method, computations
have been carried out for obtaining steady-state results from a
time-marching numerical technique (briefly described in the
Appendix) employing the standard Mac Cormack predictor-
corrector scheme. The results from both the methods are
presented in Fig. 12 for typical parametric conditions. Similar
solution results compare to a good extent (i.e., within 2-3%
variation) with the steady-state results except for a
short length downstream of the nozzle throat as shown in this
figure.

As evident from similar solutions presented earlier, the pa-
rameter x largely controls the characteristics of the similar
solutions. This parameter includes several important physical
parameters of the problem, and its characteristics are dis-
cussed here. The expression x is given in dimensional form by

(S&-S'r)/lR(V)] (41)

From Eq. (41) it is apparent that x contains all of the impor-
tant parameters like reservoir conditions, nozzle throat height
and expansion angle, nozzle shape factor (//), and particle
relaxation time r'v. From this, a relation between the diameter
of the particles dp and the parameter x can be obtained.
Therefore, as mentioned earlier, specification of the particle
diameter dp is not required in the current investigation.
Hence, by changing other parameters in the expression for x,
different particle diameters can be obtained for a given value
of x-

Particle diameters for different parameters for x can be
calculated, and it can be inferred from these calculations that
larger values of x correspond to smaller diameter particles and
smaller values of x correspond to larger diameter particles.
From similar solution results given in Figs. 3-6 it is clear that,
for larger values of x» particle velocities and temperatures try
to cope with the expansion process of the gas and hence the
flow tends toward a near-equilibrium condition. For smaller
values of x, it is clear from these figures that the particles
respond to the expansion process very slowly. In other words,
the particle properties are almost frozen for smaller values of
X. Therefore, variation in the value of x scans the flow from
near-equilibrium to near-frozen conditions, and hence the en-
tire nonequilibrium flow solution could be presented in a
single figure for a given loading ratio.

Conclusions
Through the introduction of modified definitions for speed

of sound and Mach number called virtual speed of sound and
virtual Mach number, simple Mach number-area ratio rela-
tions have been obtained that are applicable to the nonequi-
librium gas-particle nozzle flow. They are very similar to those
already existing for the pure gas ca£e or for the equilibrium
gas-particle case. The limiting (equilibrium and frozen) speeds
of sound are derivable from the modified definitions. The
governing equations are transformed into a similar form, and
the similar solutions presented in this study represent the
gas-particle nozzle flow phenomena in an exhaustive manner
at different reservoir conditions, at a wide range of particle
dimensions and loading ratios, and for different volume frac-
tions of the particles as well. The cumbersome job of repeating
the solution procedure for different given initial conditions
could thus be obviated. The size of the particles and the
loading ratio play important roles in the nozzle expansion
process. It is shown that different values for the general corre-
lating parameter represents the complete spectrum of the
nonequilibrium nozzle flow from near-equilibrium to near-
frozen regimes.

Appendix
In the time-marching numerical technique, the solution to

the unsteady form of the governing equations8 of gas-particle
nozzle flow are advanced in time from an assumed initial
spatial distribution of the flow variables. The marching in the
intervals of time follows an iterative scheme, details of which
are available in Refs. 21 and 22, and continues until the
solution satisfies certain convergency conditions depending on
the problem. Mac Cormack's23 predictor-corrector scheme is
used in the present study, and the spatial derivatives are ex-
pressed in forward and backward difference form for the
predictor and corrector steps, respectively, since the governing
equations contain only first derivatives. The integration time
step is obtained from the Courant-Friedrichs-Lewy stability
criterion with a multiplying factor of 0.8. The important pro-
cess in the present study is the relaxation of the particle pro-
perties that are slow in comparison with the gas properties.
Hence, particle velocity is used for the convergency criterion
of the numerical procedure and the condition at the nth time
step is given by

< 1 X 10~3

From the present numerical experiment it is observed that
for a given loading ratio and the particle diameter dp>2 /mi
there was no difficulty in the computational process. For
particle diameters much smaller than 2 /*m, a stiffness prob-
lem is encountered. In the present work, computations have
been carried out for particle diameters larger than 2 ^m, and
one such case is presented in Fig. 12 along with similar solu-
tion results.
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